Abstract. In this paper, we shall discuss Bargmann type measures on C for several classes of probability measures on R. The unified interpolation expressions include not only the classical Bargmann measure and its q-deformation, but also their t-deformations and dilations. As a special case, we get conditions on existence and an explicit form of the Bargmann representation for the free Meixner family of probability measures.
Preliminaries
Let µ be a probability measure on R with finite moments of all orders. Moreover, assume that the moments uniquely determine the measure on R. Then it is known [9] that there exists a complete orthogonal system tP µ n pxqu 8 n"0 of polynomials with a leading coefficient 1 for L 2 pR, µq with P µ 0 pxq " 1, a sequence tω µ pnqu 8 n"0 of nonnegative real numbers, and a sequence tα µ pnqu 8 n"1 of real numbers such that the following recurrence formula holds:
px´α µ pn`1qqP µ n pxq " P µ n`1 pxq`ω µ pnqP µ n´1 pxq (1.1) where ω µ p0q " 1 and P μ 1 pxq " 0 by convention. The numbers ω µ pnq, α µ pnq are called the Jacobi-Szegö parameters of µ. The sequence of the orthonormal polynomials associated with µ is given by Moreover, it is convenient for later discussions to present the Cauchy transform of µ for z P C`by its continued fraction representation
The above representation is valid if µ is determined by its moments. (See [10] for a quick guidance.) As a shorthand notation, we put
for all m, n P N.
The main purpose of this paper is to construct the Bargmann representation β µ of several known but hitherto scattered examples in a unified interpolating form.
As one can see in (1.3), β µ depends only on λ µ pnq. In this paper, we will, therefore, restrict our consideration to the case where µ is symmetric, µpdxq " µp´dxq, with α µ pnq " 0 for all n. Remark 1.2. If µ is symmetric, then α µ pnq " 0 for all n is implied. However, α µ pnq " 0 for all n does not imply that µ is symmetric, although it is true if µ is determined by its moments. See [10] , for example.
It was proved in [14] (see also [11] ) that if a measure µ admits any Bargmann representation, then it also admits a radial (rotation invariant) Bargmann representation:
Then our problem under consideration can be transformed to finding a positive radial measure µ satisfying (1.4)
The radial measure µ is convenient for taking into product measures, but
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since its moments are only partially specified by
it is inconvenient to handle it directly. Therefore, we shall adopt the technique of Berg-Thill's bijection [4] j : R`Ñ R`, jpxq " x 2 , which produces a bijection between Stieltjes measures via the equation,
Definition 1.3. Let ξ µ be the square-radial measure satisfying
. Now we have m ξµ pnq " λ µ pnq and the existence and uniqueness of ξ µ can be studied using standard Stieltjes moment problem techniques: [4] ) There is one to one correspondence between radial solutions of (1.3) and solutions of the Stieltjes moment problem
The following proposition implies that we can consider only measures µ with infinite support. Proof. It is known [9] that a measure µ is supported by a finite set of N points if and only if there exists a positive integer N such that ω µ pmq " 0 for all m ≥ N . Thus, all moments of the measure ξ µ of order not smaller than N would have to be zero, which is only possible if ξ µ " δ 0 , and that corresponds to µ " δ 0 .
Interpolations among Bargmann type measures 2.1. A new deformation and main results
Definition 2.1. ( [7, 8, 15] ) Let t ≥ 0. The t-deformation of a probability measure µ is a probability measure U t µ satisfying the equality in terms of the Cauchy transforms:
For s P R, s ‰ 0, we define the dilation by D s µpAq " µpA{sq. By convention, we set D 0 µ " δ 0 . For α, β ą 0, we represent the transformation
αβ by M α,β . In particular, we set µ α,β :" M α,β µ for a symmetric µ.
Proposition 2.2. Assume that µ is symmetric with finite moments of all orders and the Jacobi-Szegö parameters of µ are equal to ω µ pnq. Then the Jacobi-Szegö parameters of µ α,β have the form
Hence, the moments associated to the Bargmann measures are given by
Proof. It is easy to see that the Cauchy transform of µ α,β can be expressed in terms of the continued fraction,
Therefore, one can get the conclusion.
Theorem 2.3. The radial and square-radial measures µ α,β , ξ µ α,β , respectively, for the deformed moment problem, when they exist, are given by
Proof. Due to Proposition 2.2, one can compute the moments of the measures, directly as follows:
which proves our claim.
Let h 8 ξµ p0, 0q be the Christoffel-Darboux kernel given by h 8 ξµ p0, 0q " ř 8 n"0 p ξµ n p0q 2 . Following procedure of Section 4 in [11] , one can obtain the following theorem. Theorem 2.4. Assume µ admits a Bargmann representation. Then µ α,β admits a Bargmann representation if and only if β ≥ 1´1 h 8 ξµ p0,0q . Remark 2.5. In Section 5 in [13] , one can find interesting discussions about criteria for the determinate moment problems and roles of the ChristoffelDarboux kernel.
3. Examples 3.1. Classical Bargmann measures deformed by two parameters. It is known that the standard Gaussian measure γ on R has the following Cauchy transform
The solution of the undeformed even moment problem Consider our deformation -take the Jacobi-Szegö parameters of the form (3.1)
where α ą 0 and β ≥ 1. Then we get
and a deformed classical Bargmann measure by two parameters with the radial component, The deformed measure in (3.3) contains many of known results as follows:
(1) The Jacobi-Szegö parameters with pα, βq " pσ 2 , 1q reproduce the classical Bargmann measure by Bargmann [3] and Asai-Kubo-Kuo [1] . As one can see, the classical Bargmann measure does not contain atoms, so that appearance of the atom in (3.3) is due to a parameter β. (2) The Jacobi-Szegö parameters with pα, βq " p1, tq for t ≥ 0 have been treated in Bożejko-Wysoczański [7, 8] and the corresponding t-deformed Bargmann measures for t ≥ 1 are recently obtained by Krystek-Wojakowski [11] .
3.2. q-deformation. In this subsection, we shall consider a q-deformation of measures presented in Section 3.1. We shall first recall some basic notations from q-calculus as follows.
(1) The q-numbers are defined by
with the convention r0s q :" 1 and their q-factorials are by (3.5) rns q ! :"
r1s q r2s q¨¨¨r ns q , n " 1, 2, . . . .
(2) The q-shifted factorials are defined by (3.6) pa;n :"
(1) It is easy to see that the following equalities hold:
(3.7) rns q ! " pq;n p1´qq n , pa;n " pa;8 paq n ;8 .
(2) The q-shifted factorials in (3.6) are a natural q-extension of the Pochhammer symbol, paq 0 :" 1, paq n :" apa`1q¨¨¨pa`n´1q, n " 1, 2, . . . , because one can see that
pq a ;n p1´qq n " paq n .
Let γ q be the q-Gaussian measure on r´2{ ? 1´q, 2{ ? 1´qs that came up in the study of generalized Brownian motions, see [6] for instance. Its Cauchy transform is given by In van Leeuwen-Maassen [12] it was proved that for 0 ≤ q ă 1 it admits a Bargmann representation β γ q with the radial part
Let us consider our deformation -take the Jacobi-Szegö parameters of the form (3.9)
where α ą 0 and β ≥ 1. Then we get (3.10)
pnq " α n β n´1 rns q !, n ≥ 1 and (3.11)
αβr k pdrq where r k " q k{2 { ? 1´q. Note that the limiting case as q Ñ 1 corresponds to results in Section 3.1. The case with pα, βq " p1, 1q for an initial µ " γ q reproduces the result in [12] . Moreover, the case β " 1 for µ being the q-Poisson measure is dicussed by Asai [2] .
3.3. The free Meixner family. In Section 3.2, we have introduced three deformation parameters pα, β,where α ą 0, β ≥ 1 and 0 ≤ q ă 1. In this section, we shall consider the case with q " 0, which is exactly the free probabilistic counterpart.
The q-Gaussian measure γ q for q " 0 is the standard Wigner measure w, with Cauchy transform
Moreover, the Bargmann representation of w is explicitly known and its square-radial measure is ξ w " δ 1 .
In order to discuss the application of our two-parameter deformation M α,β to w, let us recall the notion of dilated and translated free Meixner family of measures tϕ u,s,a,b u, due to Bożejko-Bryc, [5] Proof. Since only the Jacobi-Szegö parameter ω n matters for the existence of the Bargmann representation, one may assume s " a " 0. Then one can recognize that ϕ u,0,0,b " M u 2 ,1`b w. Therefore, Theorem 2.3 implies our claim. 2) It is known that the case with pu, bq " p1, t´1q, equivalently, pα, β," p1, t, 0q, corresponds to that of the Kesten measure [11] .
